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Extended Quintessence
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We study Quintessence cosmologies in the context of scalar-tensor theories of gravity, where a
scalar field φ, assumed to provide most of the cosmic energy density today, is non-minimally coupled
to the Ricci curvature scalar R. Such ‘Extended Quintessence’ cosmologies have the appealing feature
that the same field causing the time (and space) variation of the cosmological constant is the source
of a varying Newton’s constant a` la Jordan-Brans-Dicke. We investigate here two classes of models,
where the gravitational sector of the Lagrangian is F (φ)R with F (φ) = ξφ2 (Induced Gravity, IG)
and F (φ) = 1 + ξφ2 (Non-Minimal Coupling, NMC). As a first application of this idea we consider
a specific model, where the Quintessence field, φ, obeying the simplest inverse power potential, has
Ωφ = 0.6 today, in the context of the Cold Dark Matter scenario for structure formation in the
Universe, with scale-invariant adiabatic initial perturbations. We find that, if ξ <∼ 5× 10
−4 for IG and
ξ <∼ 5×10
−3(
√
Gφ0)
−1 for NMC (φ0 is the present Quintessence value) our Quintessence field satisfies
the existing solar system experimental constraints. Using linear perturbation theory we then obtain
the polarization and temperature anisotropy spectra of the Cosmic Microwave Background (CMB) as
well as the matter power-spectrum. The perturbation behavior possesses distinctive features, that we
name ‘QR-effects’: the effective potential arising from the coupling with R adds to the true scalar
field potential, altering the cosmic equation of state and enhancing the Integrated Sachs-Wolfe effect.
As a consequence, part of the CMB anisotropy level on COBE scales is due to the latter effect,
and the cosmological perturbation amplitude on smaller scales, including the oscillating region of
the CMB spectrum, has reduced power; this effect is evident on CMB polarization and temperature
fluctuations, as well as on the matter power-spectrum today. Moreover, the acoustic peaks and the
spectrum turnover are displaced to smaller scales, compared to ordinary Quintessence models, because
of the faster growth of the Hubble length, which - for a fixed value today - delays the horizon crossing
of scales larger than the horizon wavelength at matter-radiation equality and slightly decreases the
amplitude of the acoustic oscillations. These features could be detected in the upcoming observations
on CMB and large-scale structure.
I. INTRODUCTION
Recently a lot of work focused on the cosmological role of a minimally-coupled scalar field, considered as a
”Quintessence” (Q) component which is supposed to provide the dominant contribution to the energy density of
the Universe today in the form of dynamical vacuum energy or ‘decaying cosmological constant’ [1] - [5]. This work
was motivated by the observational trend for an accelerating Universe, as suggested by distance measurements to type
Ia Supernovae (see e.g. [6], [7]).
The main feature of such a vacuum energy component, that could also allow to distinguish it from a cosmological
constant, is its time-dependence and the wider range of possibilities for its equation of state compared to the cosmo-
logical constant case. In order not to violate the principle of general covariance, such a time varying scalar field should
also develop spatial perturbations. Noticeably, if one assumes that the Universe has critical density as predicted by
most inflationary models, this component could be the form in which nearly two thirds of such a density resides.
The major success of the Quintessence models is their capability to offer a valid alternative explanation of the small-
ness of the present vacuum energy density instead of the cosmological constant; indeed, we must have |ρvac| < 10−47
GeV4 today, while quantum field theories would predict a value for the cosmological constant energy density whichis
larger by more than 100 orders of magnitude (for a review, see for example [8], [9]). On the other hand, in all the
models considered up to now, the vacuum energy associated to the Quintessence is dynamically evolving towards zero
driven by the evolution of the scalar field.
Furthermore, in the Quintessence scenarios one can select a subclass of models, which admit ”tracking solutions” [10]:
here a given amount of scalar field energy density today can be reached starting from a wide set of initial conditions.
We are therefore encouraged to pursue the investigation of Quintessence models.
∗perrotta@sissa.it
†bacci@sissa.it
‡matarrese@pd.infn.it
1
The classical tests of gravity theories put severe constraints on the scalar field term arising in the action; by far,
the strongest constraint being the Eo¨tvo¨s-Dicke experiment [11]. To avoid having to require a coincidental similarity
between different Yukawa couplings, one must constrain to very small values any explicit coupling of the scalar field
to ordinary matter [4].
The possible coupling between a Quintessence field and light matter has been explored in [12] and it is subject
to restrictions from the constraints on the time variation of the constants of nature; a recent work explores several
cosmological consequences of a coupling between Quintessence and matter fields [13]. Moreover, a possible coupling
between the scalar field, modeling the Quintessence component, and the Ricci scalar R is not to be excluded in the
context of generalized Einstein gravity theories. Due to the required flatness of its potential to achieve slow-rolling,
the coupling between Quintessence field and other physical entities gives rise to long-range (> H−10 ) interactions; in
the case of coupling with the Ricci scalar, these long-range interactions are of gravitational nature, giving rise to time
variation of the Newtonian constant, so that the coupling parameter is constrained by solar system experiments [14].
Recently, some authors [15], [16] considered scalar-tensor theories of gravity in the context of Quintessence models,
studying the existence and stability of cosmological scaling solutions.
Here we present the evolution of cosmological perturbations in some subclass of these theories, where the scalar
field coupled with R will be proposed as the Quintessence candidate, and we discuss its role on CMB anisotropies and
on structure formation in the Universe.
We name our model ‘Extended Quintessence’ (EQ), in analogy with Extended Inflation models [17], where a Jordan-
Brans-Dicke (JBD) scalar field [18] was added to the action to solve the ‘graceful exit’ problem of ‘Old Inflation’.
Of course, the similarity is not complete: in Extended Inflation a second scalar field - the ‘Inflaton’, undergoing a
first-order phase transition, was the actual source of vacuum energy during inflation. Here, instead, we are supposing
that our non-minimally coupled scalar field has its own potential which gives rise to a time (and space) varying
cosmological constant term dominating the present-day energy density of the Universe.
The first proposal of using a non-minimally coupled scalar field to obtain a decaying cosmological constant dates back
to 1983, when Dolgov [19] suggested to exploit the effective negative energy term contributed by the coupling of a
massless scalar field with the Ricci scalar R to drive the overall vacuum energy density to zero asymptotically. The
main problem with such a simple model is that the interesting dynamical range is achieved when the change in the
effective Newton’s constant strongly contradicts upper limits on solar system experiments (see [9]). Our model will
differ from Dolgov’s idea in that we will not assume that the non-minimal coupling term is the only cause of time
variation for the effective vacuum energy contribution. This allows us to easily achieve consistency with the solar
system experimental limits on the coupling constants.
In this paper we present the background and perturbations equations in the most general form and we consider
their evolution for Induced Gravity (IG) and Non-Minimally Coupled (NMC) scalar field models.
The Induced Gravity model was initially proposed by Zee in 1979 [20], as a theory for the gravitational interaction
incorporating the concept of spontaneous symmetry breaking; it was based on the observation in gauge theories
that dimensional coupling constants arising in a low-energy effective theory can be expressed in terms of vacuum
expectation values of scalar fields. This model was subsequently incorporated in models of inflation with a slow-
rolling scalar field [21]; in a modified form it was the key ingredient of the Extended Inflation [17] class of models.
More recently, it has also been adopted in open inflation models [22]. In [20], a scalar field coupled to gravity by a
term proportional to Rφ2 in the Lagrangian, is anchored by a symmetry-breaking potential to a fixed value which
eliminates the potential energy in the present broken-symmetric phase of the world. We propose here a different role
for this scalar field, in the sense that we keep the same coupling with the Ricci scalar as [20], but we allow for a larger
class of potentials than the Coleman-Weinberg one, also including potentials that do not possess a minimum and can
therefore contribute to the present Quintessence energy density.
The second class of theories to which we apply our treatment is that of non-minimal coupling of a scalar field to the
Ricci curvature, described extensively in curved space quantum field theory textbooks (e.g. [23]).
The work is organized as follows: in Sec. II we present the relevant equations, defining the dynamical system for
the background as well as for the perturbations in non-minimally coupled scalar field cosmologies; Sec. III is devoted
to the definition of the IG and NMC models and to the analysis of the background evolution; Sec. IV contains and
discusses the results of the numerical integration. Finally, Sec. V contains a brief summary of the results and some
concluding remarks.
II. COSMOLOGICAL EQUATIONS IN SCALAR-TENSOR THEORIES OF GRAVITY
Our purpose is to describe a class of scalar-tensor theories of gravity represented by the action
S =
∫
d4x
√−g
β
[
1
2
f(φ,R)− 1
2
ω(φ)φ;µφ;µ − V (φ) + βLfluid
]
, (1)
where R is the Ricci scalar, β is a constant needed to fix units and Lfluid is a classical multicomponent-fluid La-
grangian including also minimally coupled scalar fields, if any. We disregard any possible coupling of our scalar field
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with ordinary matter, radiation and dark matter [24].
We assume a standard Friedman-Robertson-Walker (FRW) form for the unperturbed background metric and we
restrict ourselves to a spatially flat universe.
We are using units where c ≡ 1, but the convention concerning 8πG will be stated later, since it will depend on the
choice of a specific theory included in this general description. Instead, following [26], we will choose the relation
Gµν = Tµν to identify Tµν . Greek indices will be used for space-time coordinates, latin ones will label spatial ones.
We use the signature (−,+,+,+). By defining F ≡ ∂f/∂R, the gravitational field equations derived by the action
(1) are
Gµν = Tµν ≡ 1
F
[
βT fluidµν + ω
(
φ,µφ,ν − 1
2
gµνφ,σφ
;σ
)
+ gµν
f −RF − 2V
2
+ F,µ;ν − gµνF ;σ;σ
]
(2)
Here Gµν is the Einstein tensor, and all the other contributions have been absorbed in Tµν ; as noted in ( [25], [26]),
if one writes the gravitational field equation in this form, then Tµν can be treated as an effective stress-energy tensor,
which allows to use the standard Einstein equations by simply replacing the fluid quantities with the effective ones.
The background effective quantities following from the definition of Tµν are
ρ =
1
F
(
βρfluid +
ω
2a2
φ˙2 +
RF − f
2
+ V − 3HF˙
a2
)
; p =
1
F
(
βpfluid +
ω
2a2
φ˙2 − RF − f
2
− V + F¨
a2
+
HF˙
a2
)
, (3)
where the overdot denotes differentiation with respect to the conformal time τ and H = a˙/a.
The background FRW equations read
H2 = 1
3F
(
a2βρfluid +
ω
2
φ˙2 +
a2
2
(RF − f) + a2V − 3HF˙
)
, (4)
H˙ = H2 − 1
2F
(
a2β(ρfluid + pfluid) + ωφ˙
2 + F¨ − 2HF˙
)
(5)
while the Klein-Gordon equation reads
φ¨+ 2Hφ˙ = − 1
2ω
(
ω,φφ˙
2 − a2f,φ + 2a2V,φ
)
. (6)
Furthermore, the continuity equations for the individual fluid components are not directly affected by the changes in
the gravitational field equation, and for the i−th component
ρ˙i = −3H(ρi + pi) . (7)
In this background, the trace of (2) becomes
−R = 1
F
[
βTfluid + ω
φ˙2
a2
+ 2(f −RF − 2V ) + 3
(
F¨
a2
+ 2
HF˙
a2
)]
, (8)
recalling that Tfluid = −ρfluid + 3pfluid; note that R also appears in the right hand side of the equation, unless f is
of the form f(φ,R) = F (φ)R. An expression that will be useful in the following is that of the Ricci scalar,
R =
6
a2
(H˙2 +H2) . (9)
Our treatment of the perturbations to this background follows (and generalizes) a previous work [5], based on the
formalism developed in [27] to describe the evolution of perturbations in the synchronous gauge.
A scalar-type metric perturbation in the synchronous gauge is parameterized as
ds2 = a2[−dτ2 + (δij + hij)dxidxj ] , (10)
hij(x, τ) =
∫
d3keik·x
[
kˆikˆjh(k, τ) + (kˆikˆj − 1
3
δij)6η(k, τ)
]
, (11)
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where h denotes the trace of hij ; the fluid perturbations are described in terms of the variables δρ = −δT 00 , δp = δT ii /3,
(p+ ρ)θ = ikjδT 0j and (p+ ρ)σ = −
(
kˆikˆj − 13δij
)
Σij .
In terms of the effective fluid, the perturbed quantities can be written as
δρ =
1
F
[
βδρfluid + ω
φ˙δφ˙
a2
+
1
2
(
φ˙2ω,φ
a2
− f,φ + 2V,φ)δφ− 3HδF˙
a2
−
(
ρ+ 3p
2
+
k2
a2
)
δF +
F˙ h˙
6a2
]
(12)
δp =
1
F
[
βδpfluid + ω
φ˙δφ˙
a2
+
1
2
(
φ˙2ω,φ
a2
+ f,φ − 2V,φ)δφ+ δF¨
a2
+
HδF˙
a2
+
(
p− ρ
2
+
2k2
3a2
)
δF − 1
9
F˙ h˙
a2
]
(13)
(p+ ρ)θ =
β(pfluid + ρfluid)θfluid
F
− k
2
a2
(
−ωφ˙δφ− δF˙ +HδF
F
)
(14)
(p+ ρ)σ =
β(pfluid + ρfluid)σfluid
F
+
2k2
3a2F
(
δF + 3
F˙
k2
(η˙ +
h˙
6
)
)
. (15)
The perturbed Klein-Gordon equation reads
δφ¨+
(
3H+ ω,φ
ω
φ˙
)
δφ˙+
[
k2 +
(ω,φ
ω
)
,φ
φ˙2
2
+ a2
(−f,φ + 2V,φ
2ω
)
,φ
]
δφ =
φ˙h˙
6
+
a2
2ω
f,φRδR . (16)
Note the presence of the Ricci curvature scalar R in the f,φ term in the left hand side, as well as its perturbation δR
in the right hand one.
All these ingredients have to be implemented in the perturbed Einstein equations
k2η − 1
2
Hh˙ = −a
2δρ
2
, (17)
k2η˙ =
a2(p+ ρ)θ
2
, (18)
h¨+ 2Hh˙− 2k2η = −3a2δp , (19)
h¨+ 6η¨ + 2H(h˙+ 6η˙)− 2k2η = −3a2(p+ ρ)σ . (20)
This set of differential equations can be integrated once initial conditions on the metric and fluid perturbations are
given; in this work we adopt adiabatic initial conditions (see [5]) for the various components and we perform the
numerical integration of the system above for two specific classes of scalar-tensor theories, that will be defined in the
next section.
The numerical integration has been performed by modifying the standard code CMBFAST [34]. The Q model
case was introduced into the code in [5] where we investigated the perturbations behavior in these models. Here we
provide a further extension to cover EQ models. As a main difference regarding the background evolution, the initial
conditions for the Quintessence have to be searched by an iterative method that fixes the initial φ and φ˙ values so
that at the present time a0 = 1 the Quintessence energy density has the required amplitude.
III. INDUCED GRAVITY AND NON-MINIMALLY COUPLED SCALAR FIELD MODELS
As we mentioned in the Introduction, two subclasses of non-minimally coupled scalar field theories have been
considered [20], [21], [23]. Let us define them in the formalism of the previous Section.
Both these models can be obtained by setting
f(φ,R) = F (φ)R , ω(φ) = 1 , (21)
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so that many of the formulas in the previous section simplify; also we take β = 1 requiring that F has the correct
physical dimensions of 1/G. Note that all this fixes the link between the value of F today and the Newtonian
gravitational constant G:
F0 = F (φ0) =
1
8πG
. (22)
Also, this allows to define a time variation of the gravitational constant in non-minimally coupled theories,
Gt
G
= −Ft
F
, (23)
(where the subscript t indicates differentiation w.r.t. the cosmic time t) that is bounded by local laboratory and solar
system experiments [28] to be
Gt
G
≤ 10−11 per year . (24)
There is another independent experimental constraint coming from the effects induced on photons trajectories [29].
As well known, by making the transformation φ→ ΦJBD such that
1
2
F (φ)R − 1
2
φ;µφ;µ → ΦJBDR+ ωJBD
ΦJBD
Φ;µJBDΦJBD;µ , (25)
the condition ωJBD ≥ 500 has to be imposed at the present time. It is easy to see that in our case this takes the form
ωJBD =
F0
F 2φ0
≥ 500 , (26)
where Fφ0 is the derivative of F w.r.t. φ calculated at the present time. As we shall see, this constraint turns out to
be the dominant one for our models.
Now let us proceed to the definition of the IG and NMC models.
In Induced Gravity (IG) models the gravitational constant is directly linked to the scalar field itself, as originally
proposed in the context of the Brans-Dicke theory. We treat here this case by setting
F (φ) = ξφ2 , (27)
where ξ is the IG coupling constant In this case equations (22,24,26) become respectively
φ0 =
1√
ξ8πG
, (28)
φt0
φ0
≤ 10−11 per year , ξ ≤ 1
2000
. (29)
The minimally coupled case is recovered from IG models in the limit ξ → 0; because of equation (29) this implies
φ0 →∞, and it can be quite easily verified that these conditions reduce all the equations written in the previous case
to ordinary general relativity.
In non-minimally coupled (NMC) scalar field models the term multiplying the curvature scalar R is made of two
contributions: the dominant one, which is a constant, plus a term depending on φ; minding the constraint on F at
the present time, from equation (22), this can be written in the most general way as
F (φ) ≡ 1
8πG
+ F˜ (φ)− F˜ (φ0) . (30)
Then, we choose F˜ in equation (30) as
F˜ (φ) = ξφ2 , (31)
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where again ξ is a coupling constant 1 and the constraints (24,26) become
16πGξφ0φt0 ≤ 10−11 per year , 32πGξ2φ20 ≤
1
500
. (32)
Contrary to the IG case, we are now free to set φ0, and the ordinary GR case is recovered by taking ξ → 0. Having no
restrictions about this point, in our numerical integrations we fixed φ0 = MP ≡ G−1/2, the Planck mass (in natural
units). We will only consider here for definiteness the case ξ > 0. The most general case, regarding the background
evolution only, is discussed in [14].
Let us just mention here that one can always map this kind of scalar-tensor theories of gravity to canonical general
relativity, by means of a conformal (Weyl) transformation, leading to the so-called Einstein frame (see, e.g. the recent
review in [30]), where the gravity sector of the action takes the standard Einstein-Hilbert form. In the latter frame,
the Quintessence field would be minimally coupled with gravity, but it would show explicit couplings with all the
matter components. This mathematical technique is particularly useful if one is looking for scaling solutions [15]. We
will not adopt this procedure here, but we will make all our calculations in the present physical frame, also called
‘Jordan frame’.
Let us elevate now φ to the role of Quintessence. This requires giving it a non-zero potential V (φ). Several potentials
have been proposed for the Quintessence. In [3], the authors analyzed a cosine potential motivated by an ultra-light
pseudo Nambu-Goldstone boson, while in other works, trying to build a phenomenological link to supersymmetry
breaking models, inverse power potential have been considered [10], [31]. As pointed out in [32], inverse power
potentials appear in supersymmetric QCD theories [33]. Here we take the simplest potential of the second class,
V (φ) =
M5
φ
, (33)
where the mass-scale M is fixed by the level of energy contribution today from the Quintessence.
We are now ready to make some preliminary investigation of the background model. We require that the present
value of Ωφ is 0.6, with Cold Dark Matter at ΩCDM = 0.35, three families of massless neutrinos, baryon content
Ωb = 0.05 and Hubble constant H0 = 50 Km/sec/Mpc; the initial kinetic energy of φ is not important since it is
redshifted away during the evolution, so we can fix an equal amount of kinetic and potential energy at the initial time
τ = 0.
Let us introduce the next Section by fixing the compatibility of our models with the experimental constraints
(24,26). A first version of these results, valid only for NMC models, can be found in [14].
First, we integrate equations (4,6) to compare with the experimental constraint of Eq.(24). The results are shown
in Fig.1, where |Gt/G| at the present time is shown as a function of ξ. Both for NMC and IG, the limit roughly is
ξ <∼ 3× 10−2 . (34)
However, as we anticipated, the stronger constraint comes from Eq.(26); it is simple to see that in our models
Eqs.(29,32) become
ξ <∼ 5× 10−4 IG case , (35)
ξ <∼ 5× 10−3(
√
Gφ0)
−1 NMC case . (36)
In the next section we will explore the effects on the cosmological perturbations spectra of EQ models, also considering
values of ξ beyond the above constraints, in order to better illustrate its effect on the cosmological equations. Then,
we will discuss how future CMB experiments like MAP and Planck will be able to detect features of the present
models within the range allowed from Eqs.(35,36).
IV. QR-EFFECTS ON COSMOLOGICAL PERTURBATIONS
Here we present the results coming from the integration of the complete set of equations of Sec. II. The numerical
integration of this set of equations has not been performed before, and we obtain several new and interesting effects
1Note that we define here the coupling constant ξ with the opposite sign w.r.t. the standard notation for NMC models.
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concerning cosmologies with a coupling between Quintessence and the Ricci curvature scalar R, that we name ‘QR-
effects’; we discuss them in the following subsections.
Let us now set initial conditions for the perturbation equations, referring to [5] for an extensive treatment. We
adopt isoenthropic (i.e. adiabatic) initial conditions; in the minimal coupling case they are quite simple: everything
is initially zero except for the metric perturbation η. It is easy to check that these conditions remain valid also in the
present case. In fact, adiabaticity is imposed on each fluid separately, by requiring that the entropy perturbations is
equal to zero initially for each pair of fluid components, including Quintessence [5]; these conditions do not depend
on the coupling of a given component with R.
As we anticipated, the scalar-tensor theories of gravity that we consider leave several characteristic imprints on
cosmological perturbations spectra. Also, both IG and NMC models, although for different coupling constant ranges,
show a remarkably similar behavior. For clearness, we shall treat first the features related to the background evolution
and successively the genuine QR-effects on perturbations.
A. QR-effects on the background: enhanced Hubble length growth and Ωmatter > 1
Let us consider the Hubble length first. The integration of Eqs.(4,5) with the potential (33) shows that the time
derivative of the Hubble length, H−1t (z), increases at non-zero redshifts compared with the ordinary Quintessence
case, both for NMC and IG models. Therefore, fixing the Hubble length at present as we do, implies that in the past
it was smaller than in minimally coupled models. This effect is clearly displayed by Fig.2, where the comoving Hubble
length as a function of z is shown (for simplicity we plot the IG case only, the NMC one being completely equivalent).
This feature has been already noted in the context of pure Brans-Dicke theories [35]. The sharp change in the time
dependence of H−1 at small redshifts is due to the Q-field, that dominates the cosmological evolution at later times.
The source of the enhanced Hubble length growth in our models is the last term in the Einstein equation (5); as
we will show in a moment, this term is quite large and positive, being also responsible for most of the features that
we shall see later concerning the cosmological perturbation spectra.
A related interesting point is that our model predicts a small change in H which mimics a change in the number
of massless neutrinos at the Nucleosynthesis epoch (see [36] for an extensive overview). At this time Quintessence is
very subdominant and the cosmological evolution is governed by the equation
H2 ≃ ρfluid
3F (φ)
; (37)
since in our models F (φ) < F (φ0) at any past time, the shift in the value of H
2 due the time variation of the
gravitational constant in EQ models is given by:
∆H2
H2
= 1− F (φ)
F (φ0)
. (38)
As a function the shift ∆N of the number of relativistic species at Nucleosynthesis, the above quantity may be written
as
1− F (φ)
F (φ0)
=
7∆N/4
10.75 + 7∆N/4
. (39)
Therefore, the shift ∆NQR predicted in our models is
∆NQR = −6.14× F (φ0)− F (φ)
F (φ0)− 2F (φ) . (40)
It is worthwhile to note that for models satisfying Eq.(26), the predicted ∆NQR is at the level of 10%, thus being
well below the current experimental constraints from the Nucleosynthesis.
Let us consider now the effects of our scenario on the cosmological equation of state. The HF˙ /F term appears also
in the effective fluid pressure in Eq.(3), causing the following interesting feature in the behavior of the equation of
state, shown in Fig.3. As it is evident, in the matter dominated era p/ρ > 0 up to 1 + z ≈ 5, when the Quintessence
starts to dominate. Thereafter, the cosmic expansion starts to accelerate because of the vacuum energy stored in the
Quintessence potential. Thus we have the apparent paradox that in the matter dominated era the total pressure is
non-zero and positive: this is not surprising since it can be brought back to the dynamics of the scalar field itself in
scalar-tensor theories of gravity. Corresponding to its positive value in the matter dominated era, the equation of
state at present, when Quintessence dominates, is slightly above its value for Q models. In other words, we found
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that the Quintessence contribution to the equation of state in our models, pφ/ρφ, does not change significantly in our
case with respect to Q models; we found indeed
− 1 <∼
pφ
ρφ
<∼ −0.9 (41)
for all the cases considered. This is well within the range of values for which the Quintessence is mimicking a
cosmological constant [37], [7].
Let us now come to the Ωmatter > 1 effect. This interesting and very peculiar occurrence can be understood by
looking at the behavior of the various components of the energy density in Eq.(4) and is obviously connected with
the effect on the equation of state just described. After dividing both members by H2, the Friedmann equation takes
the form
1 = Ω(z)matter +Ω(z)radiation +Ω(z)φ , (42)
where it must be noted that Ωφ is actually made of three terms, namely
Ω(z)φ = Ω(z)
K
φ +Ω(z)
P
φ +Ω(z)
QR
φ . (43)
While ΩKφ and Ω
P
φ are the generalization of the kinetic and potential energy densities in scalar-tensor theories, the
really new component is
ΩQRφ = −
Fφφ˙
FH , (44)
which, as we already noted, is negative if φ˙ > 0. Its amplitude is fixed essentially by the dynamics of the scalar field;
as we anticipated, this term turns out to be important for the background evolution. The reason is the following.
In all the cases considered, the scalar field evolution is slow, so that φ¨ and the time variation of the potential in the
Klein-Gordon equation can be neglected. Let us consider the radiation dominated era for simplicity: a = a˙radτ , where
a˙rad is a constant. Therefore, it is immediate to check that the approximate solution of the Klein Gordon equation is
φ = φinitial − a˙
2
radVφ
20
(τ4 − τ4initial) . (45)
In the ideal case where the scalar field evolves for a large time so that only the term proportional to τ4 is important,
we see that φ˙/φ ∝ 1/τ ∝ H; in this case the term in Eq.(44) would be of order unity. In the real case these arguments
are weakened since the scalar field does not have a perfect slow-rolling dynamics, and it does not evolve enough to
become much larger than its initial value; nevertheless this qualitatively explains why we found ΩQRφ ∼ 10−2 for
models satisfying the constraints (26), and for a time interval roughly covering all the post-equality cosmological
history.
Fig.4 shows the various contributions to the cosmic density parameters as a function of redshift. The matter
radiation equality epoch is clearly visible, as well as the matter dominated era, and, finally, the Quintessence dominated
era at very small redshifts. Also, the sum (identically equal to 1) is shown, and it is immediately seen that in the
matter dominated era one has
Ωmatter > 1 . (46)
As we already anticipated this is only an apparent paradox, because of the presence of the negative energy component
in the Einstein equation (4), explicit in Eq.(44). Figure 5 shows the various contributions to the Quintessence energy
density. As it can be seen, for the chosen value of the coupling constant ξ, ΩQRφ reaches values of a few percent and
is responsible for the condition (46).
This completes a rapid survey of the features regarding the cosmological background evolution; some of them have
a relevant influence on the perturbation behavior, that is the subject of the next subsection.
B. QR-effects on the CMB: Integrated Sachs-Wolfe effect, horizon crossing delay and reduced acoustic peaks
The phenomenology of CMB anisotropies in EQ models is rich and possesses distinctive features.
In the top left panel of Fig.6, the effect of increasing ξ on the power spectrum of COBE-normalized CMB anisotropies
is shown. Note that we plotted cases also exceeding the limit (26), to make clearer the perturbations behavior in EQ
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scenarios. The rise of ξ makes substantially three effects: the low ℓ’s region is enhanced, the oscillating one attenuated,
and the location of the peaks shifted to higher multipoles. Let us now explain these effects. The first one is due to
the integrated Sachs-Wolfe effect, arising from the change from matter to Quintessence dominated era occurred at
low redshifts. This occurs also in ordinary Q models, but in EQ this effect is enhanced. Indeed, in ordinary Q models
the dynamics of φ is governed by its potential; in the present model, one more independent dynamical source is the
coupling between the Q-field and the Ricci curvature R. As it can be easily understood by the Lagrangian in equation
(1), the scalar field φ evolves as dictated by the effective potential
Veff (φ) = V (φ)− 1
2
F (φ)R . (47)
As it is clear from equation (9), R is positive in the matter dominated era, (a(t) ∼ t2/3). Thus, from (47), after
differentiating with respect to φ, both the forces coming from Veff are negative, pushing together the field φ towards
increasing values. In conclusion, the dynamics of φ is boosted by R together with its potential V . As a consequence,
part of the COBE normalization at ℓ = 10 is due to the Integrated Sachs-Wolfe effect; thus the actual amplitude of
the underlying scale-invariant perturbation spectrum gets reduced. This is the main reason why the oscillating part
of the spectrum, both for polarization and temperature, is below the corresponding one in Q-models.
There is however another effect that slightly reduces the amplitude of the acoustic oscillations. We have seen in
Fig.2 that the Hubble length was smaller in the past in EQ than in Q models. This has the immediate consequence
that the horizon crossing of a given cosmological scale is delayed. This is manifest in Fig.9, where we have plotted
the photon density perturbation in the Newtonian gauge δNγ ; we choose this quantity since it is simply 4 times the
dominant term of the CMB temperature fluctuations [38]. Its expression in terms of the quantities in the synchronous
gauge is
δNγ = δγ +
h˙+ 6η˙
2k2
ρ˙
ρ
. (48)
The scale shown in Fig.9 is chosen so that it reenters the horizon roughly between matter-radiation equality and
decoupling. Both in the IG and NMC cases, it is evident that the oscillations start later than in ordinary Q models.
As well known, the amplitude of the acoustic oscillations slightly decreases if the matter content of the universe at
decoupling is increased [5,3].
Finally, note how the location of the acoustic peaks in term of the multipole ℓ at which the oscillation occurs, is
shifted to the right. Again, the reason is the time dependence of the Hubble length, which at decoupling, subtended
a smaller angle on the sky. It is straightforward to check that the ratio of the peak multipoles in Fig.6 coincides
numerically with the the ratio of the values of the Hubble lengths at decoupling in Fig.2 in EQ and Q models.
These considerations do not change at all for NMC models. Really, IG and NMC models present, for different
values of ξ, remarkably similar features, yielding a genuine signature of scalar tensor-theories in the cosmological
perturbations spectra.
Let us consider now realistic cases respecting the constraints from Eq.(26). Figs.7,8 show the temperature pertur-
bation spectra for NMC and IG cases with the indicated coupling constants. The effects described previously are
evident particularly in Fig.8, where the changes in the first acoustic peak (top) and in the power at low ℓ’s (bottom)
have been zoomed; also, the slight difference between IG and NMC models is visible. We notice that features of this
amplitude in the CMB spectra, induced by models satisfying the existing constraints from Eqs.(24,26) are detectable
by the future generation of CMB experiments; in particular, MAP and Planck will bring the accuracy on the CMB
power at percent level up to ℓ ≃ 1000 [40].
C. QR-effects on matter perturbations: power-spectrum decrease and peak shift
After decoupling, the different models considered in Fig.6 evolve until the present, when we snapshot the matter
power-spectrum in the bottom left panel.
Soon after their introduction, Q-models were considered more appealing than those involving a cosmological con-
stant term because of their capability to shift the power-spectrum toward larger scales without increasing its overall
amplitude, which would have required an antibias mechanism. We find here that this effect is enhanced if a QR-
coupling exists. This is evident in both the bottom right panel in Fig.6. The spectra are COBE-normalized as
it is evident in the top panel. For increasing ξ, the spectra loose power. The reason of this behavior is that the
CMB spectra include different effects together with the true perturbation amplitude; on the large scales measured by
COBE, the matter perturbations add with the large Integrated Sachs-Wolfe effect; the greater is ξ, the stronger being
the Integrated Sachs-Wolfe effect, the weaker the true perturbations amplitude, as we pointed out in the previous
subsection. This causes the power-spectrum decrease that is well visible in the figure.
9
The other effect is the slight shift of the location of the peaks toward larger wavenumbers. Again, this is due to
the time dependence of H−1; since it is smaller in extended Quintessence models than in ordinary Quintessence ones,
the horizon crossing is delayed for all the cosmological scales, for the given value of H0.
These are the most prominent features concerning the power-spectrum. In principle however, there are terms in
the cosmological perturbation equations that could make some relevant effects. We search them as terms that do not
multiply fluctuations in the scalar field, since the latter are negligible from the point of view of structure formation
[5]. Looking indeed at Eq.(15), the last term in the r.h.s. could play some role: it is the shear perturbation associated
with the Quintessence and it should be noted that it is not present in ordinary Q models. Looking at Eq.(20), it is
immediate to verify that this term produces a sort of excess friction in the dynamics of the quantity h˙+6η˙ in addition
to the cosmological Hubble drag term 2H in the l.h.s.: we define it as
F = F˙
F
. (49)
Its relevance compared to H has been already discussed when we dealt with the ΩQRφ quantity of Eq.(44). As it is
evident in Fig.10, F is not so important during the evolution since it is only a few percent of the Hubble drag during
all the evolution. Although F clearly plays the role of a sort of integrated shear effect, it is less important than those
described at the beginning of this subsection.
These effects change the matter power-spectrum today in a way that we will better explore in a future work. Here
we make a first comparison with the known expectations concerning the spectrum normalization at 8h−1 Mpc, σ8.
Recently the cluster abundance in Q models has been analyzed [39]. An empirical formula for σ8 in these models has
been found as
σ8 = (0.5− 0.1Θ)Ω−γ(Ωm,Θ)m , (50)
where
Θ = (n− 1) + (h− 0.65) , γ(Ωm,Θ) = 0.21− 0.22pφ
ρφ
+ 0.33Ωm + 0.25Θ ; (51)
n is the spectral index (1 in our scale-invariant case), h is the present Hubble constant in units of 100km s−1Mpc−1
and Ωm the matter energy amount today. The existing experimental constraints (see [39]) may be expressed as follows:
σ8Ω
γ
m = 0.5± 0.1 . (52)
Our scenario is not significantly constrained by Eq.(52). For the models shown in Fig.6, we found
σ8 = 0.525 for ξ = 2× 10−2
σ8 = 0.623 for ξ = 10
−2 (53)
σ8 = 0.725 for ordinary Q models. (54)
It is easy to verify that the constraint in Eq.(52) is satisfied for ξ <∼ 10−2; the same limit for NMCmodels is ξ <∼ 2×10−2.
It is remarkable however that future experiments will be able to provide much more accurate measurements of the
matter power spectrum [41].
V. SUMMARY AND CONCLUDING REMARKS
Our work is based on the possibility that the cosmological vacuum energy that seems required to explain the data
from high-redshift type Ia Supernovae resides in the potential energy of a slowly rolling scalar field or Quintessence.
We considered models in which the Quintessence scalar field is non-minimally coupled with the Ricci curvature scalar
R, that we named Extended Quintessence.
With this aim, and based on a technique obtained in some recent works [25,26,5], we integrated the full linear
cosmological perturbation equations for generalized Einstein gravity theories. In this framework we investigated the
effects produced by two distinct Extended Quintessence models, in which the gravitational part of the Lagrangian is
1
16πG
R→ F (φ)
2
R with (55)
F (φ) = ξφ2 (IG models) and F (φ) =
1
16πG
+ ξ(φ2 − φ20) (NMC models) , (56)
10
φ0 indicating the Q-value today.
Quintessence models are characterized by a potential energy that is comparable to the matter energy density today.
We choose the simplest inverse power potential
V (φ) =
M5
φ
, (57)
with the constant M fixed by requiring that the Quintessence energy density today yields Ωφ = 0.6.
The first check we made by integrating our equations, was whether our results are compatible with the bounds
from the solar system experiments: we found that these constraints are satisfied if ξ <∼ 5 × 10−4, for IG, and
ξ <∼ 5 × 10−3(
√
Gφ0)
−1, for NMC models. We went then to a more detailed analysis of the effects on the power-
spectra obtained, that we named QR-effects. We found several features that could help in discriminating these models
from ordinary Quintessence.
In particular, the Integrated Sachs-Wolfe effect, caused by the time variation of the gravitational potential between
last scattering and the present time, which is already active in ordinary Q-models, is now enhanced. This can be
understood by considering the Klein-Gordon equation governing the time evolution of φ. It is easily seen that the
coupling with R induces a new source of effective potential energy; the latter is ineffective in the radiation dominated
era, when R ≈ 0, but becomes important during matter and scalar field dominance, when it originates the effective
potential
VQR = −1
2
F (φ)R . (58)
It is therefore immediate to realize that the force dVQR/dφ in the Klein Gordon equation simply adds to the one
coming from the true potential dV/dφ from (57), having the same sign and therefore enhancing the Integrated Sachs-
Wolfe effect. As a consequence, part of the COBE normalization is now due to the latter effect and the cosmological
perturbation amplitude, including also the oscillating region of the CMB spectrum, is reduced; this is evident in the
CMB polarization and temperature patterns, as well as in the matter power-spectrum today. Moreover, the acoustic
peaks and the power-spectrum turnover are displaced to smaller scales; the reason being that the Hubble length H−1
grows more rapidly in these theories than in ordinary Q-models, delaying - for a fixed value ofH0 - the horizon crossing
of any scale larger than the Hubble radius at the matter-radiation equality, and slightly decreasing the amplitude of
the acoustic oscillations.
Another independent QR-effect comes from the change of the fluid shear σ arising in generalized Einstein theories.
From the Einstein equations it turns out that the new terms in σ induce an additional friction to the growth of the
gauge-invariant gravitational potential Ψ, besides that due to the Hubble drag. This makes the growth of Ψ weaker,
and, since in adiabatic models the acoustic oscillations are essentially driven by this quantity, this results in a reduced
amplitude for the acoustic peaks.
For what concerns large-scale structure formation, we also considered the effect of the extra term in the fluid shear
arising from the QR-coupling. It produces a sort of friction in the dynamics of the metric perturbations, in addition
to the genuine cosmological friction. Although interesting, we found that this effect is negligible compared to the
effect due to the Integrated Sachs-Wolfe effect that changes the normalization to COBE data.
It is also remarkable that similar features occur both in IG and NMC models, suggesting the existence of an
extended Quintessence phenomenology that is the signature of a large class of scalar-tensor theories in the cosmological
perturbations.
This is a brief summary of the results we obtained in this class of Extended Quintessence models. Of course, this
work does not answer all the questions nor it explores all the aspects, but the results we obtained show distinctive
and promising features at the point that we believe it should be seriously taken into account, especially in favor of
the hints on the existence of scalar fields and on their possible couplings with R coming from fundamental theories.
An important problem to face is which effects are caused by the fact that we require that the field coupled with
R is a Quintessence, and which instead come from the scalar-tensor theories themselves. The enhanced Integrated
Sachs-Wolfe effect appears to be mostly determined by the extra effective potential coming from the non-minimal
coupling; on the contrary, the effects at decoupling appear to be caused mostly by the true scalar field potential, since
at that time the Ricci scalar R is much smaller than it is now. However, all these considerations, together for example
with the exploration of other scalar field potentials and more general gravitational sectors in the Lagrangian, would
deserve a separate work.
The results obtained here are potentially testable by the upcoming experiments which aim at gaining detailed
information on cosmological parameters, both from the CMB [40] and from the large-scale structure [41].
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While completing this paper a preprint by Chen and Kamionkowski [42] has appeared in which the CMB temperature
and polarization patterns produced by a pure JBD field in a standard Cold Dark Matter cosmology have been
considered. Although there is no overlap with our Quintessence field, it is worthwhile to note that, for what concerns
the acoustic peak locations, their results show a similar dependence on the ωJBD ∝ 1/ξ parameter.
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FIG. 1. Numerical analysis of the time variation of the gravitational constant versus the QR coupling constant in EQ models.
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FIG. 5. Time behavior of the Ωφ parameters relative to the potential, kinetic and purely QR terms.
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FIG. 6. Perturbations for IG models for various values of ξ: CMB temperature (top left), polarization (top right), and matter
power spectrum (bottom).
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FIG. 7. CMB temperature Perturbations for IG and NMC models for ξ satisfying the constraints from solar system experi-
ments.
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FIG. 8. CMB temperature perturbations for IG and NMC models, for ξ satisfying the constraints from solar system experi-
ments: first acoustic peak and low ℓs power zoomed.
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FIG. 9. Comparison of the time behavior of the photon density fluctuations for the scale shown for EQ and Q models.
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FIG. 10. Time behavior of the friction term (in arbitrary units) arising from the shear perturbation in EQ models compared
with its cosmological counterpart.
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